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axial beam plane stress and plane strain for large deformations are established by examin-
ing the virtual work equations. Anticlastic transverse curvature of the beam cross-section is
incorporated when plane stress or thick beam dimensions are assumed. Column buckling
equations which allow for shear and axial deformations are derived using the positive def-
initeness of the second order work. The buckling equations agree with the equation derived
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important for low slenderness, high buckling modes and with increasing width to thick-
ness ratio. The work in this paper does not support the existence of a shear buckling mode
for straight prismatic columns made of an isotropic material.
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The correct mechanical model for the inclusion of shear deformations in the analysis of column buckling has been debated
by various researchers for many years. The inclusion of shear deformations in the analysis of column buckling is very impor-
tant for the design of helical springs, elastomeric bearings, sandwich plates and built-up and laced columns (see Attard, 2003;
Bazant, 2003; Bazant and Beghini, 2004; Bazant and Beghini, 2006; Engesser, 1889; Engesser, 1891; Gjelsvik, 1991; Haringx,
1948; Haringx, 1949; Haringx, 1942; Kardomateas and Dancila, 1997; Reissner, 1972; Reissner, 1982; Simo et al., 1984;
Simo and Kelly, 1984; Timoshenko and Gere, 1963; Zielger, 1982). Shear deformations during buckling are also important
in the analysis of the compressive strength of ﬁber composites where ﬁber microbuckling models have been postulated
(see Budiansky and Fleck, 1994; Fleck and Sridhar, 2002). The ﬁrst to modify the Euler column buckling formula to include
shear deformations was Engesser (1889),Engesser (1891). Engesser’s formula for the critical buckling Pcr;Eng of a prismatic
straight column is very simple and is often written in the form:1
Pcr;Eng
¼ 1
Peuler
þ 1
PS
) Pcr;Eng
PS
¼
Peuler
PS
1þ PeulerPS
ð1Þwhere Peuler is the Euler buckling load and PS ¼ GA is a so-called ‘‘shear buckling load” (G is the shear modulus and A the
cross-sectional area). This shear buckling load is equivalent to Rosen (1965) microbuckling shear buckling equation,
although in the microbuckling case, shear buckling is the limit taken for very large buckling wavelength. As a column’s
slenderness is reduced, the Engesser’s critical buckling load has an upper limit of the shear buckling load GA. A critical2008 Published by Elsevier Ltd. All rights reserved.
x: +61 2 9385 6139.
tard).
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material?
Engesser’s solution Pcr Eng is rewritten in Eq. (2) in which l is the effective length, r ¼
ﬃﬃﬃﬃ
Izz
A
q
the radius of gyration,
Izz ¼
RR
Ay
2dA is the second moment of area and E the elastic modulus. Haringx (1942) developed an alternate buckling for-
mula (Pcr Har given in Eq. (2)) which unlike Engesser formula, predicted an inﬁnite buckling load as the slenderness
approached zeroPcr Eng ¼ p
2EA
l2
r2 þ p2 EG
  ; Pcr Har ¼ GA2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4Peuler
GA
r
 1
 !
ð2ÞHaringx’s formula was also adopted for helical springs. Assuming that the pitch of a compressed helical spring is insigniﬁ-
cant, a single coil is modeled by circular rings connected by rigid bars at the center of the rings. The spring is thus replaced by
an equivalent prismatic rod of suitable equivalent rigidities (the simplest approximation is to use an equivalent Poisson’s
ratio of m ¼ 0:8 and l=r ¼ 0:94l=Ro where Ro is the radius of the spring helix). As well, to take account of axial shortening
the following substitutions were made (see Timoshenko and Gere (1963)):l ¼ lo 1 PcrEAo
 
; A ¼ Ao 1 PcrEAo
 
; Izz ¼ Izzo 1 PcrEAo
 
ð3Þwhere lo, Ao and Izzo are the original (before deformation) length, area and second moment of area of the spring, respectively.
Allowing for shear and axial deformation the buckling formula derived in Attard (2003), Timoshenko and Gere (1963) and
Goto et al. (1990) is given below and is here called the modiﬁed Haringx formula:Pcr
EA
¼ 1
2 1 EG
  1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4Peuler
EA
1 E
G
 s !
ð4ÞHaringx’s formula and the modiﬁed Haringx formula agreed well with the experimental results for short rubber rods and
helical springs, respectively as shown in Figs. 1 and 2. For the helical springs the experimental results showed that for small
slenderness, springs do not buckle below a slenderness of about 4.9. This observation agreed with the modiﬁed Haringx’s
formula but not with Engesser’s which predicted buckling for any slenderness. As can be seen in these ﬁgures, Engesser’s
formula did not match the experimental results. It should be noted that both Engesser’s and Haringx’s derivations are based
on a simple beam model called the Timoshenko beam. Plane sections are assumed but are not necessarily perpendicular to
the centroidal axis of the beam.
There have been several authors who have discussed the merits of the differing approaches of Engesser and Haringx (see
Attard, 2003; Bazant, 2003; Bazant and Beghini, 2004; Bazant and Beghini, 2006; Gjelsvik, 1991; Kardomateas and Dancila,
1997; Reissner, 1982; Simo et al., 1984; Zielger, 1982; Bazant and Cedolin, 1991). The arguments for and against were de-
bated by Zielger (1982) who supported Engesser’s approach, and Reissner (1982) who supported Haringx’s approach. Zielger
(1982) incorporated axial as well as shear deformations and derived the following formula which he called the modiﬁed Eng-
esser formula:0
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Fig. 1. Comparison of column buckling test results for rubber Rods in Haringx (1949) with predictions of Haringx and Engesser formulas.
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Fig. 2. Comparison of column buckling test results for helical springs in Haringx (1948) with predictions of Haringx and Engesser formulas.
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EA
¼ 1
2
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4Pcr Eng
EA
r !
ð5ÞEq. (5) predicts a lower limit for the slenderness below which there is no buckling and for isotropic prismatic columns does
not have the upper limit of GA as in the unmodiﬁed Engesser formula, Eq. (2). Although Eq. (5) predicts well the buckling of
rubber rods it does not match the experimental results for helical springs (see Figs. 1 and 2).
The difference in the approaches of Engesser and Haringx is in the use of the shear force constitutive law Q ¼ GAu where
Q is the shear force and u is the shear angle. Each approach assumes a different orientation for Q and the axial force N on the
cross-section. Engesser assumed the axial force to be tangential to the centroidal axis of the beam and the shear force to be
perpendicular to this, while Haringx assumed that the axial force was normal to the cross-section and the shear force per-
pendicular and within the plane of the cross-section. The constitutive relationship for shear will be addressed in this paper
by using a consistent hyperelastic derivation.
Bazant (2003), Bazant (1971) when looking at the buckling of columns with shear deformations considered several ﬁnite
strain formulations each of which assumed a Hookean stress–strain relationship with identical elastic constants. Each for-
mulation predicted different buckling loads. Bazant concluded that all ﬁnite strain ‘‘formulations are equivalent because the
tangential elastic modulus of the material cannot be taken the same but must rather have different values in each formulation.”
Bazant (1971) and Bazant and Cedolin (1991) identiﬁed that a neo-Hookean constitutive relationship between the Green’s
strain tensor and the second Piola Kirchhoff stress tensor (sPK) tensor gave similar results to Engesser’s formulation and
hence are incorrect for columns of homogenous material. Similar conclusions were reached in references (Attard, 2003; Simo
et al., 1984). The basis of many nonlinear and stability analyses of structures is a Hookean constitutive relationship between
Green’s strain tensor and its conjugate stress, the sPK stress tensor. Attard (2003) concluded that such a constitutive rela-
tionship is incorrect and that the constitutive relationship should be derived from a consistent ﬁnite strain hyperelastic for-
mulation. The correct column buckling formula which includes shear and axial deformation is closely linked with the correct
ﬁnite strain constitutive relationship and hence the correct expression for the strain energy density.
In Attard (2003) and Attard and Hunt (2004) a strain energy density for isotropic hyperelastic materials under ﬁnite strain
was proposed. Attard (2003) used this strain energy density to derive constitutive relationships for problems involving shear
deformations. In this paper, a detailed hyperelastic formulation for the buckling of columns which incorporates shear and
axial deformation as well as the dilation and anticlastic transverse curvature of the cross-section is derived.
2. Fundamental mechanics
In the following, a scalar quantity will be represented by a lowercase italic light symbol. A bold lower case symbol such as
uwill be used to represent vectors while a bold upper case symbol such as Twill be used to represent a second order tensor.
The summation convention due to Einstein is adopted where a repeated index such as in piui is used to imply summation,
that is
P3
i¼1piu
i  piui. A bracketed index indicates that the summation convention is suppressed. Unless otherwise stated,
indices such as i and j can take values of 1, 2 & 3. A vector dot product between two vectors is written as u  v while a tensor
direct product is written as u v.
Consider a solid continuum of material. Points P and Q within this continuum as in Fig. 3 (only a two dimensional
view is shown for convenience) deﬁne an initial line differential ds in the undeformed state. An initial Cartesian coor-
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Fig. 3. Two dimensional deformed parallelogram with initial cartesian coordinates.
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gradient tensor F which deﬁnes a linear mapping of the initial line differential ds in the undeformed state to that in the
deformed state ds^ (points bP and bQ in Fig. 3) associated with a displacement vector u (assumed to be smooth and dif-
ferentiable), such thatds^ ¼ dsþ du ¼ F  ds; F ¼ g^i  gi ¼ ðdji þ ujjiÞgj  gi ¼ Iþr u ð6Þ
in which, g^i ¼ ðdj:i þ ujjiÞgj are the covariant tangent base vectors in the deformed state (see Fig. 3), dji is the kronecker delta,
I ¼ gi  gi is the identity tensor, r u ¼ ujjigj  gi is the grad of the displacement vector, gi and gi are the contravariant and
covariant initial base vectors, respectively, in the undeformed state and ujji represents the covariant derivatives of the uj vec-
tor component with respect to the coordinate corresponding to the index i.
Alternatively the components of the deformation tensor can be written in terms of the relative stretch of the sides of the
deformed parallelepiped and the angles between the tangent base vectors in the deformed and undeformed state. This alter-
nate representation will be used later. For an initial Cartesian coordinate system x, y and z, there is no need to distinguish
between covariant and contravariant components with respect to the initial base vectors and therefore the components of
the deformation tensor can be written in matrix form as:F ¼
1þ u1;1 u1;2 u1;3
u2;1 1þ u2;2 u2;3
u3;1 u3;2 1þ u3;3
264
375 ð7Þwhere u1;u2 and u3 are displacement components in the x, y and z directions, respectively, and u1;x symbolises differentiation
with respect to x.
The difference between the square of the length of the differential line element vector in the deformed state ds^ ¼ g^idsi
and the square of the length of the differential line element vector in the undeformed state ds ¼ gidsi is one measure of
the state of deformation (Ogden, 1997). That isj ds^j2 j dsj2 ¼ ds  ðC IÞ  ds ð8Þwhere C is the right Cauchy–Green deformation tensor deﬁned byC ¼ FTF ð9ÞFor the three dimensional case, the components of the Green’s deformation tensor can be written in terms of the stretches
ðk1; k2&k3Þ and angles between the tangent base vectors in the deformed state ðu12;u13&u23Þ, that isC ¼
ðk1Þ2 k1k2 cosu12 k1k3 cosu13
k1k2 cosu12 ðk2Þ2 k2k3 cosu23
k1k3 cosu13 k2k3 cosu23 ðk3Þ2
264
375 ð10Þ
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One form of the strain energy density function U for a compressible isotropic neo-Hookean material (see Simo and Pister
(1984), Attard (2003), Attard and Hunt (2004)) is given by:U ¼ 1
2
GðtrðC IÞ  2 ln JÞ þ 1
2
Kðln JÞ2 ð11Þwhere G ¼ E2ð1þmÞ is the shear modulus, K ¼ 2Gmð12mÞ is the Lamé constant, E is the elastic modulus, m is the Poisson’s ratio, J ¼ det F
is the volume invariant and tr symbolize the trace of a tensor. The neo-Hookean constitutive relationship Eq. (11) was used
as the basis for analyzing several problems involving beam theory in Attard (2003). Eq. (11) can be used to establish the con-
stitutive relationship for a hyperelastic material, between a stress tensor and measures of deformation not necessarily the
conjugate strain. Using Eq. (11), the second Piola Kirchhoff stress tensor P ¼ Pijgi  gj is given by (see Attard and Hunt
(2004)):P ¼ 2 @U
@C
¼ G½I C1 þ K ln JC1 ¼ GI phC1 ð12Þwithph ¼ G K ln J ð13Þ
In the above, ph represents a hydrostatic stress (note J ¼ det Fmay itself be a function of phÞ. Writing the hydrostatic stress in
this form, as in Eq. (13) allows compact expressions for stresses.
The physical counterpart of the second Piola–Kirchhoff stress tensor is called the Lagrangian stress (engineering stress) sij
and is given by the relationship (note this is not the physical components of the second Piola–Kirchhoff stress tensor):sij ¼ Pij
ﬃﬃﬃﬃﬃﬃﬃ
g^ðjjÞ
q
ﬃﬃﬃﬃﬃﬃﬃ
gðiiÞ
p ¼ PijkðjÞ ﬃﬃﬃﬃﬃﬃﬃgðjjÞpﬃﬃﬃﬃﬃﬃﬃ
gðiiÞ
p ð14Þ
The quantity sij has units of force per unit area of the undeformed body, is not a tensor, is not symmetric and represents the
physical Lagrangian components of stress referred to oblique axes aligned with the tangent base vectors g^j at bP (see Fig. 4).
For an initial rectangular coordinate system in the undeformed state, Eq. (14) simpliﬁes tosij ¼ PijkðjÞ ð15Þ
Another Langrangian stress tensor which we will be useful here is called the Mandel stress tensor denoted byM and deﬁned
byM ¼ CP ð16Þ
The Mandel stress tensor is not generally symmetric. The transpose form of the Mandel stress tensor equilibrates the contra-
variant force components aligned with reciprocal base vectors (see Fig. 5). Using the constitutive relationship in Eq. (12), the
Mandel stress tensor is ﬁnd here to be symmetric, and given by:M ¼MT ¼ GC phI ð17Þ
Fig. 5 shows a two dimensional representation of the Mandel stress components assuming symmetry. Incorporating the def-
inition of the right Cauchy–Green deformation tensor Eq. (10), the Mandel stress tensor components can be written in the
very compact and concise manner, as:2
Scaled by J −1
1gˆ
gˆ
Fig. 4. Second Piola Kirchhoff stress tensor components (note: da1 and da2 are area components).
Fig. 5. Mandel stress tensor components (note symmetry has been assumed).
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Gðk1Þ2  ph Gk1k2 cosu12 Gk1k3 cosu13
Gk1k2 cosu12 Gðk2Þ2  ph Gk2k3 cosu23
Gk1k3 cosu13 Gk2k3 cosu23 Gðk3Þ2  ph
264
375 ð18Þ2.2. Equilibrium and virtual work
Let’s assume all external loading is conservative, the system is static and all body forces are zero. The equilibrium equa-
tions at a point within a continuum can be written in the following form (see Ogden (1997))r  ðPFTÞ ¼ r  S ¼ 0; ½Pirðdjr þ ujjrÞji ¼ Sijji ¼ 0 ð19Þ
where S is the ﬁrst Piola–Kirchhoff stress tensor whose components are physical stresses when the initial coordinate system
is Cartestian. The moment equilibrium conditions must also be satisﬁed and are:PT ¼ P; FS ¼ STFT ð20Þ
At the loaded boundary surfaces the following must also be satisﬁed:n  ðPFTÞ ¼ n  S ¼ p; Pirðdjr þ ujjrÞni ¼ Sijni ¼ pj ð21Þ
where ni are the covariant components of the unit normal vector n to the boundary surfaces and pj contravariant vector com-
ponents of the applied surface tractions p with respect to the undeformed state.
Equilibrium can also be expressed in a weaker form using the theorem of virtual work. For kinematically admissible vari-
ations denoted by the symbol d, the Lagrangian ﬁrst variation of work dW based on virtual displacements can be written as:dW ¼
ZZZ
V
dUdV 
ZZ
S
p  dudS ¼
ZZZ
V
1
2
trðPdCÞdV 
ZZ
S
p  dudS ¼ 0 ð22Þwith V being the volume in the undeformed state, S the surface where the externally applied traction vector p acts. Substi-
tuting the right Cauchy–Green deformation tensor taken from Eq. (10), the ﬁrst variation of work in Eq. (22) is then (taking
the symmetry of P into account):dW ¼
ZZZ
V
1
2
trðPdCÞdV 
ZZ
S
p  dudS
¼
ZZZ
V
fP11k1 þP12k2 cosu12 þP13k3 cosu13gdk1
þfP22k2 þP12k1 cosu12 þP23k3 cosu23gdk2
þfP33k3 þP13k1 cosu13 þP23k2 cosu23gdk3
P12k1k2 sinu12du12 P13k1k3 sinu13du13 P23k2k3 sinu23du23
26664
37775dV 
ZZ
S
p  dudS ¼ 0
ð23Þ2.3. Large deformation uniaxial beam plane stress/plane strain
For the case of essentially plane stress and uniaxial deformation as in thick beam bending, the virtual work terms asso-
ciated with dk2; dk3&du23 would be zero. We begin by assuming u23 ¼ p2. The stress terms in Eq. (23):
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P33k3 þP13k1 cosu13 þP23k2 cosu23
ð24Þare the physical Lagrangian stresses conjugate to the variations in the stretches k2&k3, respectively. Using the constitutive
relationship deﬁned in Eq. (18) it can be shown that the stresses in Eq. (24) are zero if we set:k2 ¼
ﬃﬃﬃﬃﬃ
ph
G
r
; k3 ¼
ﬃﬃﬃﬃﬃ
ph
G
r
ð25ÞThis is the analogous deﬁnition of ‘‘plane stress” for large deformations in thick beams. For wide (here taken in the axis direc-
tion denoted by the subscript 3) thin beams the assumption of plane strain is more appropriate and the analogous deﬁnition
of ‘‘plane strain” would be obtained with:k2 ¼
ﬃﬃﬃﬃﬃ
ph
G
r
; k3 ¼ 1 ð26ÞHence substituting Eq. (25), the virtual work Eq. (23) for plane stress reduces to:dW ¼
ZZZ
V
P11k1 þ
ﬃﬃﬃﬃ
ph
G
q
ðP12 cosu12 þP13 cosu13Þ
n o
dk1
k1
ﬃﬃﬃﬃ
ph
G
q
ðP12 sinu12du12 þP13 sinu13du13Þ
264
375dV  ZZ
S
p  dudS ¼ 0 ð27ÞSubstituting Eq. (25) and u23 ¼ p2, into Eq. (18) gives the state of stress for ‘‘plane stress” for large deformations.M ¼
Gðk1Þ2  ph Gk1
ﬃﬃﬃﬃ
ph
G
q
cosu12 Gk1
ﬃﬃﬃﬃ
ph
G
q
cosu13
Gk1
ﬃﬃﬃﬃ
ph
G
q
cosu12 0 0
Gk1
ﬃﬃﬃﬃ
ph
G
q
cosu13 0 0
266664
377775 ð28ÞFor plane strain M33 would be G ph.
2.4. Stability criteria
Koiter (1965) concluded that ‘‘the existence of a (weak) proper minimum of the total potential energy in the equilibrium
state constitutes, for all practical purposes, both a necessary and sufﬁcient condition for the stability of this conﬁguration in
the dynamical sense of Lyapunav.” A static equilibrium conﬁguration is therefore considered stable if the second variation of
the total potential with respect to all kinematically admissible variations is positive deﬁnite. Analogous to the second var-
iation of the total potential is the stability criterion based on the second variation of work as discussed in Bazant and Cedolin
(1991).
Using Eq. (22), and assuming the equilibrium stresses are deﬁned by Po, the requirement for a positive deﬁnite second
variation of the total potential or work is here written as:d2W ¼
ZZZ
V
1
2
trðPod2CÞ þ 14 trðdPdCÞdV 
ZZ
S
p  d2udS > 0 ð29Þwhere the symbol d2 indicates the second variation. Kabaila (1970) argued that the variational criterion of stability ‘‘. . . has
the advantage that it does not rely on engineering intuition and thus it is less likely to lead to erroneous conclusions than the
intuitive criterion of the existence of a bent equilibrium conﬁguration.” Another advantage in the variational approach is that
approximate solutions can be obtained by exploiting the Rayleigh–Ritz and ﬁnite element procedure.
3. Uniaxial tension/compression
As an example, let’s ﬁrstly examine the simple case of uniaxial tension/compression in the x-direction with
u12 ¼ u13 ¼ u23 ¼ 0 and from Eq. (25) k2 ¼ k3 ¼
ﬃﬃﬃﬃ
ph
G
q
. Hence, the deformation gradient tensor and stress tensor components
are written as:F ¼
k1 0 0
0
ﬃﬃﬃﬃ
ph
G
q
0
0 0
ﬃﬃﬃﬃ
ph
G
q
26664
37775; S ¼
Gk1  phk1 0 0
0 0 0
0 0 0
264
375 ð30ÞFrom Eq. (30) we have for the volume invariant:J ¼ k1 phG ð31ÞUsing Eqs. (7) and (30) we have for the displacement gradients:
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ﬃﬃﬃﬃﬃ
ph
G
r
; u1;2 ¼ u1;3 ¼ u2;1 ¼ u2;3 ¼ u3;1 ¼ u3;2 ¼ 0 ð32ÞRecalling Eq. (12) and using Eq. (31), we write:ph
G
¼ 1 K
G
ln J ¼ 1 K
G
ln k1
ph
G
 
ð33ÞFor small deformations, a Taylor’s series expansion of the above Eq. (33) about J  1, gives for the hydrostatic pressure the
following approximation:ph
G
ﬃ 1þ
K
G
1þ KG k1
for m 6¼ 0:5 phG ﬃ 11þ2mk1
for m ¼ 0:5 phG ﬃ 1k1
ð34Þwhen k1  1 and m 6¼ 0:5 we can further approximate the above Eq. (34) to write:For m 6¼ 0:5 ph
G
ﬃ 1 2mðk1  1Þ þ 4m2ðk1  1Þ2 . . .þ Oððk1  1Þ3Þ
For m 6¼ 0:5
ﬃﬃﬃﬃﬃ
ph
G
r
ﬃ 1 mðk1  1Þ þ 32 m
2ðk1  1Þ2 . . .þ Oððk1  1Þ3Þ
ð35ÞTo comply with conditions (32), we must have:u1 ¼ uðxÞ u1;11 ¼ u;xx ¼ 0 k1 ¼ 1þ u;x ð36Þ
Substituting Eqs. (34) and (35) into Eq. (32), the lateral displacements u2&u3 due to dilation of the cross-section are then
approximated by:For m 6¼ 0:5 u2 ﬃ y mu;x þ 32 m
2½u;x2 . . .
 
u3 ﬃ z mu;x þ 32 m
2½u;x2 . . .
  ð37ÞThe axial force N constitutive relationship is derived using the approximation in Eqs. (34) and (36) hence:N ﬃ EAu;x  GAð1þ 2mþ 4m2Þðu;xÞ2 . . . ð38Þ
Eqs. (37) and (38) agree to ﬁrst order with basic engineering theory. There are two important cases for values of the Poisson’s
ratio which are worth exploring.
Case one:
Case one is where Poisson’s ratio is zero as for some foams. Hence, the hydrostatic pressure Eq. (33) would beph ¼ G ð39Þ
The displacement, stress and axial force constitutive relationships are therefore:u1 ¼ uðxÞ u1;11 ¼ u;xx ¼ 0 k1 ¼ 1þ u;x u2 ¼ u3 ¼ 0 ð40Þ
Sxx ¼ G k1  1k1
 
¼ G 1þ u;x  11þ u;x
 
; N ¼ GA 1þ u;x  11þ u;x
 
ð41ÞCase two:
Case two is for a materials for example rubber which are almost incompressible with J almost unity and Poisson’s ratio
almost 0.5. Hence, from Eq. (31) the hydrostatic pressure is for J ¼ 1 would be:ph ¼
G
k1
ð42ÞThe displacement, stress and axial force constitutive relationships are consequently:u1 ¼ uðxÞ u1;11 ¼ u;xx ¼ 0 k1 ¼ 1þ u;x
u2 ¼ yﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ u;x
p  y; u3 ¼ zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ u;x
p  z ð43Þ
Sxx ¼ G k1  1ðk1Þ2
 !
¼ G 1þ u;x  1ð1þ u;xÞ2
 !
; N ¼ GA 1þ u;x  1ð1þ u;xÞ2
 !
ð44Þ4. Beam bending with shear—Timoshenko beam
Here we examine a straight prismatic beam as a three-dimensional problem but with bending, shear and axial deforma-
tion. The longitudinal axis of centroids of the undeformed beam is taken as the x or 1 axis (see Fig. 6). The principal axes in
Fig. 6. Tangent base vectors in deformed state.
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acterized by the deﬂection of the centroidial axis and the rotation of the cross-sectional plane. The initial axis system chosen
is a Cartesian rectangular system. The initial material lines within the beam are assumed to be parallel to the Cartesian
coordinate system and therefore the initial tangent base vectors in the undeformed state are aligned with the axis of the
beam and the principal axes. It is assumed that the plane of the cross-section remains plane but not perpendicular to the
centroidal axis during deformation—the Timoshenko beam approximation. In the deformed state, the angle between the
material tangent base vector g^1 and the undeformed longitudinal axis, consists of a bending component h and shear compo-
nents deﬁned by the angles u&a. The tangent base vectors g^2 and g^3 are assumed to remain orthogonal hence g^2  g^3 ¼ 0. The
unit normal n^ to the cross-sectional plane in the deformed state (deﬁned by g^2 
 g^3Þ lies in the plane containing g1 and g2,
and is given byn^ ¼ cos hi1 þ sin hi2; t^ ¼  sin hi1 þ cos hi2; b^ ¼ i3 ð45Þ
where i1; i2 and i3 are unit base vectors associated with each of the three axes of the rectangular reference frame. The unit
vector t^ given above is perpendicular to n^ and deﬁnes the direction of resultant shear force. The angle / deﬁnes the rotation
or torsion of the g^2 & g^3 axes about the unit normal n^ (see Fig. 6). The vectors ðn^; t^ & b^Þ form an orthonormal set.
The bending angle is taken to be a function of the longitudinal centroidal coordinate x only, hence h ¼ hðxÞ. The shear an-
gles, however, are taken as a function of the coordinates. At the level of the centroid ðy; z ¼ 0Þ, the shear angles are deﬁned
by:u0 ¼ uðx;0;0Þ aðx;0;0Þ ¼ 0 ð46Þ
A critical assumption is how to allow for unrestrained dilation so that the stress state in bending is approximately uniaxial.
This is achieved by using the conditions discussed in Eq. (25) and the requirement that g^2  g^3 ¼ 0. The hydrostatic stress
ratio phG represents the relative change in cross-sectional area, that is:da^1 ¼ phG dydz ¼
ph
G
da1 ð47Þwhere da1 is the undeformed cross-section area. The tangent base vectors in the deformed state can therefore be described
by:g^1 ¼ k1 cos am^þ k1 sin ab^ g^2 ¼
ﬃﬃﬃﬃﬃ
ph
G
r
ð cos/b^þ sin/t^Þ
g^3 ¼
ﬃﬃﬃﬃﬃ
ph
G
r
ðsin/b^þ cos/t^Þ m^ ¼ cosðuþ hÞi1 þ sinðuþ hÞi2
ð48ÞThe deformation gradient tensor for the uniaxial/plane stress Timoshenko (thick) beam problem can therefore be repre-
sented in the following form:
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k1 cosðuþ hÞ cos a  sin h sin/
ﬃﬃﬃﬃ
ph
G
q
 sin h cos/
ﬃﬃﬃﬃ
ph
G
q
k1 sinðuþ hÞ cos a cos h sin/
ﬃﬃﬃ
ph
G
q
cos h cos/
ﬃﬃﬃﬃ
ph
G
q
k1 sin a  cos/
ﬃﬃﬃﬃ
ph
G
q
sin/
ﬃﬃﬃﬃ
ph
G
q
2666664
3777775 ð49Þwith volume invariantJ ¼ k1 cosu cos aphG ð50ÞFor wide thin beams assuming plane strain incorporating Eq. (26), the deformation gradient tensor would be:Fplane strain ¼
k1 cosðuþ hÞ  sin h
ﬃﬃﬃﬃ
ph
G
q
0
k1 sinðuþ hÞ cos h
ﬃﬃﬃﬃ
ph
G
q
0
0 0 1
26664
37775 ð51Þwith volume invariantJplain strain ¼ k1 cosu
ﬃﬃﬃﬃﬃ
ph
G
r
ð52ÞThe deformation of the cross-section can also be described using displacements in which the cross-section displaces as a
plane (Timoshenko Beam) but is stretched within its own plane (see Figs. 6 and 7). At the centroidal axis (y ¼ 0 & z ¼ 0Þ
we deﬁneu1ðx;0;0Þ ¼ uoðxÞ; u2ðx;0; 0Þ ¼ vðxÞ; u3ðx;0;0Þ ¼ 0 ð53Þ
where uoðxÞ and vðxÞ are the longitudinal (in direction 1 or x) and transverse (in direction 2 or y) displacements of the cent-
roidal axis, respectively. The displacement functions in the x, y and z directions are here assumed to have the following form:u1 ¼ uoðxÞ  pyðx; y; zÞ sin h
u2 ¼ vðxÞ þ pyðx; y; zÞ cos h y
u3 ¼ pzðx; y; zÞ  z
ð54Þor in vector form:u ¼ uc þ ðpy t^ yi2Þ þ ðpzb^ zi3Þ
uc ¼ uoðxÞi1 þ vðxÞi2
ð55Þwith the conditions at the centroid requiring:pyðx;0;0Þ ¼ 0; pzðx;0;0Þ ¼ 0 ð56Þ
Simo et al. (1984) presented exact linearized kinematic expressions for Saint Venant’s problem and these are here written in
modiﬁed form as:u1 ¼ uoðxÞ  yhþ xðy; zÞðv;x  hÞ
u2 ¼ vðxÞ þ pyðx; y; zÞ  y
u3 ¼ pzðx; y; zÞ  z
ð57ÞFig. 7. Beam side view showing plane sections remaining plane.
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m
2
 
pz ¼ ðz zmuo;x þ zymh;xÞ ð58Þand xðy; zÞ represents the warping of the cross-section. Eq. (57) are to ﬁrst order, very similar to the Eq. (54), except for the
inclusion of warping and the use of ‘y’ rather than py in the expression for u1.
Substituting the displacement functions in Eq. (54) into Eq. (7), the deformation gradient tensor can also be written in the
form:F ¼
ð1þ uo;xÞ  pyh;x cos h py;x sin h py;y sin h py;z sin h
v;x  pyh;x sin hþ py;x cos h py;y cos h py;z cos h
pz;x pz;y pz;z
264
375 ð59ÞWith the requirements:ðpy;yÞ2 þ ðpz;yÞ2 ¼
ph
G
; ðpz;zÞ2 þ ðpy;zÞ2 ¼
ph
G
; py;ypy;z þ pz;zpz;y ¼ 0 ð60ÞThe relationship between the displacement gradients and the stretches and deformation angles are established from Eqs.
(49) and (59), that is:k1 cosðuþ hÞ cos a ¼ ð1þ uo;xÞ  pyh;x cos h py;x sin h
k1 sinðuþ hÞ cos a ¼ v;x  pyh;x sin hþ py;x cos h
k1 sin a ¼ pz;x sin/
ﬃﬃﬃﬃﬃ
ph
G
r
¼ py;y ¼ pz;z cos/
ﬃﬃﬃﬃﬃ
ph
G
r
¼ py;z ¼ pz;y
ð61ÞThe components of the stretch normal and tangential to the plane of the cross-section can be derived from Eqs. (45), (46),
(48), (56) and (61) and the further assumption that py;xðx;0;0Þ ¼ 0, hence the simple expressions are derived:kn ¼ n^  g^1 ¼ k1 cosu cos a ¼ k10 cosu0  pyh;x
kst ¼ t^  g^1 ¼ k1 sinu cos a ¼ k10 sinu0 þ py;x
ksb ¼ b^  g^1 ¼ k1 sin a ¼ pz;x
ð62Þwithk10 cosu0 ¼ ð1þ uo;xÞ cos hþ v;x sin h
k10 sinu0 ¼ ð1þ uo;xÞ sin hþ v;x cos h
ð63Þand the longitudinal stretch measured at the centroid k10 deﬁned by:k10 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ uo;xÞ2 þ v2;x
q
ð64ÞManipulating Eq. (63), we have for the shear angle at the centroid and the centroidal axis curvature:tanðhþ u0Þ ¼
v;x
1þ uo;x
dh
dx
þ du0
dx
¼ ðv;xx½1þ uo;x  v;xuo;xxÞ
ð1þ uo;xÞ2 þ v2;x
ð65ÞThe stretch k1 can now be written in terms of the normal and shear stretch components using Eq. (62) and is:ðk1Þ2 ¼ ðk1 cosu cos aÞ2 þ ðk1 sinu cos aÞ2 þ ðk1 sin aÞ2 ¼ ðk10 cosu0  pyh;xÞ2 þ ðk10 sinu0 þ py;xÞ2 þ ðk1 sin aÞ2 ð66Þ
The normal and shear components of stretch are each associated with a normal and shear stress acting on the cross-section.
The shear angle u can also be written as:tanðuÞ ¼ k10 sinu0 þ py;x
k10 cosu0  pyh;x
ð67ÞShowing that the shear angle u varies through the cross-section.
4.1. Solutions for py&pz
Recall the partial differential equations expressed in Eq. (60), the boundary conditions in Eq. (56), as well as the additional
assumption that py;xðx;0;0Þ ¼ 0 and a requirement which will be needed for equilibrium
RR
Apz;xdA ¼ 0. To solve the partial
differential equations above, we ﬁrst need an expression for the hydrostatic stress ph. The hydrostatic stress can be approx-
imated for small deformations such that J  1, k10 cosuo is close to unity and h;x is very small, hence using Eqs. (13), (50) and
(62) we have:For m 6¼ 0:5 ph
G
ﬃ 1
1þ 2mðk1 cosu cos a 1Þ ﬃ 1 2mðk10 cosuo  1Þ þ 2mpyh;x ð68Þ
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G
k1 cosu cos a
ð69ÞNote Eq. (68) can be used as an approximate solution for all values of m. The partial differential Eq. (60) can be reduced to one
equation by taking pz;z ¼ py;y&pz;y ¼ py;z (see Eq. (61)), hence using Eq. (68) gives:ðpy;yÞ2 þ ðpy;zÞ2 ﬃ 1 2mðk10 cosuo  1Þ þ 2mpyh;x
pyðx;0;0Þ ¼ 0 py;xðx;0;0Þ ¼ 0
ð70ÞA solution for py and pz can be derived as:py ¼ y ymðk10 cosu0  1Þ þ ðy2  z2Þh;x
m
2
 
pz ¼ z zmðk10 cosu0  1Þ þ zymh;xð Þ
ð71ÞEq. (71) is very similar to the expressions derived by Simo et al. (1984) in Eq. (58). The displacements described by Eq. (54)
incorporating Eq. (71) show horizontal lines becoming curved while vertical lines remain straight but are rotated. There is
anticlastic transverse curvature associated with the bending of the beam (see Fig. 8). The anticlastic curvature gives rise to an
average vertical displacement different to the vertical movement of the centroid, that is to ﬁrst order:RR
Au2dA
A
¼ vðxÞ þ m
2
Izz  Iyy
A
 
h;x ð72Þwhere Izz ¼
RR
Ay
2dA & Iyy ¼
RR
Az
2dA are second moments of area. The centroid of the deﬂected cross-sectional plane to ﬁrst
order changes by the anticlastic term m2
IzzIyy
A
 
h;x. For the plane strain case, the solutions for py and pz would be;py ¼ y y
m
1 m ðk10 cosu0  1Þ þ
y2
1 m h;x
m
2
 
pz ¼ z ð73Þ4.2. Constitutive relationships for the internal actions
The Reissner/Haringx model for beam internal actions assumes that the axial force is normal to the cross-section plane
and the shear force perpendicular to this plane (see Fig. 9). Rotating the ﬁrst Piola Kirchhoff stresses through an angle h gives
stresses which are normal and parallel to the bending cross-sectional plane (Reissner orientation), hence using PFT ¼ S and
Eqs. (12) and (49) gives:SR ¼ SRh ¼
Gk1 cosu cos a phk1 cosu cos a Gk1 sinu cos a Gk1 sin aﬃﬃﬃﬃﬃﬃﬃﬃ
Gph
p
tanu sin/ tan a cos/cosu
 
0 0ﬃﬃﬃﬃﬃﬃﬃﬃ
Gph
p
tanu cos/þ tan a sin/cosu
 
0 0
26664
37775 ð74ÞFig. 8. Beam cross-section showing anticlastic transverse bending (thick beam).
Fig. 9. Internal actions.
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with the directions of the orthonormal vectors ðn^; t^ & b^Þ. The symmetry condition, Eq. (20), imposes the restriction
FSRR
T
h ¼ RhSTRFT.
The constitutive relationships for the internal actions can be determined by ﬁrstly deﬁning the internal actions as the
stress resultants over the cross-section:N ¼
ZZ
A
S11R dA Q ¼
ZZ
A
S12R dA 0 ¼
ZZ
A
S13R dA M ¼
ZZ
A
 pyS11R dA ð75ÞHere, N is the axial force deﬁned perpendicular to the cross-sectional plane in the direction n^, Q is the shear force within
the cross-sectional plane in the direction t^, and M is the bending moment deﬁned by the stresses perpendicular to the
cross-sectional plane (see Fig. 9). Substituting the constitutive relationships Eq. (74) into Eq. (75), using Eqs. (62), (68)
and (71) and assuming that k1 cosu cos a is close to unity and h;x is very small, gives to ﬁrst order in
ðk10 cosu0  1Þ; k10 sinu0; h;x and h;xx:N  EAðk10 cosu0  1Þ Q  GAk10 sinu0 þ
1
2
mGðIzz  IyyÞh;xx M  EIzzh;x ð76ÞFor plane strain, we would have:N  EAð1 m2Þ ðk10 cosu0  1Þ Q  GAk10 sinu0 þ
1
2
mGIzz
ð1 mÞ h;xx M 
EIzz
ð1 m2Þ h;x ð77ÞThe relations (76) are similar to those derived by Goto et al. (1990) for ﬁnite strain. Goto, Yoshimitsu and Obata’s shear rela-
tion does not contain the anticlastic curvature term 12 mGðIzz  IyyÞh;xx in Eq. (76) and has a shear coefﬁcient applied to the
shear area to improve the accuracy.
The constitutive relationships for the internal actions to second order terms are often used as the bases for a stability
analysis and are here based on Eq. (76) thus:N  EA uo;x þ 12 v
2
;x 
1
2
u20
 
Q  GAð1þ uo;xÞu0 þ
1
2
mGðIzz  IyyÞh;xx M  EIzzh;x ð78ÞThe constitutive relationships for the internal actions orientated so that the normal force Nt0 is directed along the centroidal
axis tangent while the shear force Qt0 is perpendicular to the centroidal axis of the beam (Ziegler orientation) are to second
order accuracy:Nt0  EA uo;x þ 12 v
2
;x 
1
2
u20
 
þ GAu20 þ
1
2
mGðIzz  IyyÞu0h;xx ð79Þ
Qt0  GAð1þ uo;xÞu0  EAuo;xu0 þ
1
2
mGðIzz  IyyÞh;xx ð80ÞWe can see from Eqs. (78)–(80) thatNt0  N þ Qu0 Qt0  Q  Nu0 ð81Þ
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Firstly, the equilibrium equations given in Eq. (19) are rewritten here in terms of the Reissner stresses for the beam prob-
lem, that is@S11R
@x
þ @S
21
R
@y
þ @S
31
R
@z
¼ S12R
dh
dx
@S12R
@x
þ S11R
dh
dx
¼ 0 @S
13
R
@x
¼ 0 ð82ÞThe third equation in (82) implies from Eqs. (61), (71) and (74):@S13R
@x
¼ G @k1 sin a
@x
¼ G @pz;x
@x
¼ 0 )d
2ðk10 cosu0Þ
dx2
¼ 0 & h;xxx ¼ 0 ð83ÞThe moment equilibrium equations are: S11R k1 sinu cos aþ S12R k1 cosu cos a ¼
ﬃﬃﬃﬃﬃ
ph
G
r
S21R sin/þ S31R cos/
 
S12R k1 sin a ¼ S13R k1 sinu cos a
S21R ðsinuþ tan a tan/Þ ¼ S31R ðsinu tan/ tan aÞ
ð84ÞThe constitutive law in Eq. (74) inherently satisﬁes the moment equilibrium equation above. Now we examine the virtual
work Eq. (27) and transform this using the Reissner stresses. Hence:ZZZ
V
S11R dðk1 cosu cos aÞ þ S12R dðk1 sinu cos aÞ
þS13R dðk1 sin aÞ þ ðS12R k1 sin aþ S13R k1 sinu cos aÞd/
" #
dV 
ZZ
S
p  dudS ¼ 0 ð85ÞIncorporating the moment equilibrium equations in (84), using Eq. (62) and the fact that there is no shear in the transverse
direction gives:ZZZ
V
S11R dðk10 cosu0Þ þ S12R dðk10 sinu0Þ  S11R pydh;x
S11R h;xdpy þ S12R dpy;x
" #
dV ¼
ZZ
S
p  dudS ð86ÞIntegrating over the cross-section and making use of Eqs. (63) and (75) results in:Z L
0
½Pxduo;x þ Pydv;x  k10Qt0dhþMdh;xdxþ
ZZZ
V
 S11R h;xdpy þ S12R dpy;xdV ¼
ZZ
S
p  dudS ð87ÞIn whichPx ¼ N cos h Q sin h Py ¼ N sin hþ Q cos h
Qt0 ¼ N sinu0 þ Q cosu0 M ¼
ZZ
A
 S11R pydA
ð88ÞPx and Py are the internal force resultants in the x and y directions (see Fig. 9), respectively, while Qt0 is the shear resultant
perpendicular to the centroidal axis of the beam. Integrating by parts the term S12R dpy;x in Eq. (87) and using the equilibrium
condition Eq. (82), we can simplify Eq. (87) further. Thus for the virtual work equation we have:Z L
0
½Pxduo;x þ Pydv;x  k10Qt0dhþMdh;xdx ¼
ZZ
S
p  dudS ð89Þor incorporating Eqs. (63), (65) and (88) gives:Z L
0
Ndðk10 cosu0Þ þ Qdðk10 sinu0Þ þMdh;x½ dx ¼
ZZ
S
p  dudS ð90ÞZ L
0
Nt0dk10 þ Qt0k10du0 þMdh;x½ dx ¼
ZZ
S
p  dudS ð91ÞIntegrating by parts gives the classical beam equilibrium equations (use is made of Eq. (63)), that is:dPx
dx
¼ 0 dPy
dx
¼ 0 dM
dx
¼ k10Qt0 ¼ Pxv;x  Pyð1þ uo;xÞ ð92Þor in terms of either N & Q or Nt0 & Qt0:dN
dx
¼ Q dh
dx
dQ
dx
¼ N dh
dx
dM
dx
¼ k10ðN sinu0  Q cosu0Þ ð93Þ
dNt0
dx
¼ Qt0
dh
dx
þ du0
dx
 
;
dQt0
dx
¼ Nt0 dhdxþ
du0
dx
 
;
dM
dx
¼ k10Qt0 ð94ÞEq. (93) agrees with the one-dimensional theory for the plane problem for originally straight, end loaded beams given by
Reissner (1972, 1982).
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Consider a straight prismatic simply supported column under initial uniform axial stress S11R ¼  PA where P is the axial
force as shown in Fig. 10. The second variation of work for the Timoshenko beam can be derived from Eq. (29) or alterna-
tively, the second variation can also be derived from the simpler Eq. (91) which incorporates Eqs. (82) and (84), using Eq.
(81), gives:d2W ¼
Z L
0
Pd2k10 þ 12 dNt0dk10 þ
1
2
k10dQd/0 þ
1
2
Pk10ðd/0Þ2 þ
1
2
dMdh;x
	 

dx
ZZ
S
p  d2udS ð95Þin whichk10 ¼ 1þ uo;x; dk10 ¼ duo;x; d2k10 ¼ 12
ðdv;xÞ2
1þ uo;x ; dv;x ¼ ð1þ
uo;xÞðdu0 þ dhÞ ð96ÞIncorporating Eqs. (78), (79) and (96) into Eq. (95) we haved2W ﬃ
Z L
0
1
2 EAðduo;xÞ2 þ 12 ðEIzzÞðdh;xÞ2 þ 12GAð1þ uo;xÞ2ðd/0Þ2
 12 Pð1þ uo;xÞððdhþ d/0Þ2  ðd/0Þ2Þ
þ 14 mGðIzz  IyyÞð1þ uo;xÞd/0dh;xx
2664
3775dx ZZ
S
p  d2udS ð97Þ4.5. Column buckling formula
Here we look at the buckling load formula for a simply supported column as in Fig. 10 under end axial compressive forces
P. The second variation of the total potential or work Eq. (97) is simpliﬁed by assuming uo;x   PEA and by ignoring the axial
rigidity terms and at this stage the anticlastic term 14 mGðIzz  IyyÞð1þ uo;xÞdu0dh;xx, hence:d2W ﬃ
Z L
0
1
2 EIzzðdh;xÞ2 þ 12GAð1 PEA Þ2ðdu0Þ2
 12 Pð1 PEAÞððdhþ du0Þ2  ðdu0Þ2Þ
" #
dx ð98ÞThis is similar to the expressions compatible with the approaches of Engesser and Haringx which are written here in Eqs.
(99) and (100):Engesser :
Z L
0
1
2
EIzzðdh;xÞ2  12 Pðdv;xÞ
2 þ 1
2
GAðdu0Þ2
	 

dx ð99Þ
Haringx :
Z L
0
1
2
EIzzðdh;xÞ2  12 Pðdv;xÞ
2 þ 1
2
GAðdu0Þ2 þ
1
2
Pðdu0Þ2
 	 

dx ð100ÞThe axial deformation terms make a signiﬁcant difference to the solution of the buckling problem, as we will see here. As
long as the functional given by Eq. (98) is positive deﬁnite stability is assured. In order to determine the lower bound of this
functional (which is set to zero) a constraint is applied to the size of the perturbations. Using the procedures in Mikhlin
(1964) the following two equations are derived (the variation symbol has been dropped):EIzzh;xx ¼ P 1 PEA
 
ðhþ u0Þ ð101Þ
GA 1 P
EA
 2
u0 ¼ P 1
P
EA
 
h ð102ÞEq. (101) represents the moment/shear equilibrium equation dMdx ¼ k10Qt0 ¼ Pxv;x deﬁned in Eq. (92) in which M  EIh;x and
using Eq. (65), we have:k10Qt0 ¼ Pxv;x ¼ Pk10ðhþ u0Þ ¼ P 1
P
EA
 
ðhþ u0Þ ð103ÞEq. (102) is the shear constitutive relationship (Eq. (78)) without the anticlastic term for Q ﬃ GA 1 PEA
 
u0 ¼ Ph. Eqs. (101)
and (102) are written as:Fig. 10. Simply supported column.
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P
EA 6¼ 1
where b ¼ PEAþ PEA
 2 E
G 1
  ð104ÞThe boundary conditions for the simply supported column problem are h;x ¼ 0 at x ¼ 0&L. The solution to the differential
equation in Eq. (104) for compressive loading is straight forward and gives the classical cosine function for the buckling
mode bending angle that is:hðxÞ ¼ C1 cos
ﬃﬃﬃ
b
p
x
r
 !
þ C2 sin
ﬃﬃﬃ
b
p
x
r
 !
ð105ÞIn which C1 and C2 are constants. Applying the boundary conditions we have:C2 ¼ 0  C1
ﬃﬃﬃ
b
p
L
r
sin
ﬃﬃﬃ
b
p
L
r
 !
¼ 0 ð106ÞAssuming that ‘‘b” is real and non-zero we determine
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r ¼ np where n is an integer (represents the buckling mode number)
and hence the critical buckling load is:m 6¼ 0:5 Pcr
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ð107ÞThe column buckling formula, Eq. (107) is the same as that derived in references (Attard, 2003; Timoshenko and Gere, 1963
and Goto et al., 1990) and quoted in Eq. (4). The solution with the minus sign holds as the assumption has been made that
Pcr
EA  1. Real solutions to the buckling Eq. (107) exist for4n2Peuler
EA
1 E
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 
¼ 4n
2p2
L
r
 2 1 EG
 
6 1 ) L
r
 2
P n24p2  1þ 2mð Þð Þ ð108ÞHence, a lower limit for the slenderness Lr exists only for m 6 0:5. For a helical spring made of steel wire the equivalent Pois-
son’s ratio is m ¼ 0:8 ðE=G ¼ 1=2:6Þ hence we see that for springs there is a slenderness below which a helical spring cannot
buckle Lr P 2p
ﬃﬃﬃﬃﬃﬃﬃ
0:6
p
 4:867 Figs. 1 and 2 compare the predictions of Eq. (107) with experimental results for rubber rods and
helical springs, and show excellent agreement.
Lets look at the possibility of a mode of shear buckling with only du0 active, hence from Eq. (97) the second variation of
the total potential would be restricted to:d2W ﬃ
Z L
0
1
2
GAð1þ uo;xÞ2ðdu0Þ2
	 

dx ð109ÞThis can only be zero for a compressive loading such that uo;x ¼ 1 or k10 ¼ 0 where the stretch is zero and the member is
compressed to a singularity. Hence, fundamentally shear buckling for a prismatic isotropic column is not predicted.
4.5.1. Anticlastic transverse bending
If we include the anticlastic term which is applicable for thick beams as opposed to wide thin plates, then the shear Eq.
(102) is replaced by:GA 1 P
EA
 2
u0 þ
1
2
GAm 1 P
EA
 
ðr2  r2yÞh;xx ¼ P 1
P
EA
 
h ð110Þwhere r2y ¼ IyyA . The shear angle used in the constitutive relationship is the difference between the slope of the centroidal axis
of the beam and the bending rotation. As seen in Eq. (72), the effect of the anticlastic transverse curvature is to shift the
position of the centroid and hence contribute to the average vertical displacement of the cross-section and the shear angle
conjugate to the shear force. Using Eqs. (101) and (110), the classical cosine function again is obtained for the buckling
modes. The critical buckling load obtained is:m 6¼ 0:5 Pcr
EA
¼ 1
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  ð111ÞThe c term represents the inclusion of the Poisson’s effect on the dilation and anticlastic deformation of the cross-section and
is limited by the assumption of plane stress and thick beam dimensions. For the plane strain situation (wide thin beams), E is
replaced by E1m2 in Eq. (111) and the 1
r2y
r2
 
term is replaced by 1ð1mÞ. Fig. 11 shows a plot of Eq. (111) for a rectangular section
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Fig. 11. Column buckling curve for m ¼ 0:5.
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effect of the anticlastic transverse curvature is signiﬁcant for low slenderness below about Lr < 15, increasing mode number
(n) and with increasing width to thickness ratio. Of course the assumption of uniaxial/plane stress and thick beam dimen-
sions limits the applicable width to thickness ratio.
5. Summary
The constitutive relationships and the buckling equations for a straight prismatic beam have been derived and are based
on a consistent hyperelastic neo-Hookean formulation. The expressions for stress components are made compact by incor-
porating hydrostatic pressure to shear modulus ratio terms. The Mandel stress tensor provides the most concise represen-
tation for stress components. The analogous deﬁnitions for plane stress and plane strain for large deformations are
established by examining the virtual work equations.
The Timoshenko beam analogy which assumes plane sections remain plane but not necessarily perpendicular to the cent-
roidal axis of a beam is used to determine beam equilibrium and constitutive equations. The cross-section is also allowed to
dilute and hence offset the stresses that would be produced by constraining the dilution of the cross-section due to the Pois-
son’s ratio effect. Anticlastic transverse curvature of the cross-section results when plane stress or thick beam dimensions
are assumed. Column buckling equations are derived using the positive deﬁniteness of the second order work as a static sta-
bility criterion. A static equilibrium conﬁguration is considered stable if the second variation of the total potential with re-
spect to all kinematically admissible variations is positive deﬁnite. The buckling equations which incorporates and shear and
axial deformations agrees with the equation derived by Haringx (1942, 1948, 1949), and have been extend to incorporate
anticlastic transverse curvature for thick beam dimensions. The effect of the anticlastic transverse curvature is signiﬁcant
for low slenderness, high buckling modes and with increasing width to thickness ratio.
Many published works refer to a ‘‘shear buckling” mode possible for short columns. The notion of a shear buckling mode
comes from Engesser’s solution to the critical buckling load of a straight prismatic column, Eq. (1) which has an upper limit
of Ps ¼ GA. The work in this paper does not support the existence of a shear buckling mode for straight prismatic columns
made of an isotropic material. This conclusion is based on the hyperelastic constitutive law adopted.
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